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Lattice topological charge associated with Ginsparg-Wilson fermions exhibits generic topological stability over
quantum ensemble of configurations contributing to the QCD path integral. Moreover, the underlying chiral
symmetry leads to the suppression of ultraviolet noise in the associated topological charge densities (“chiral
smoothing”). This provides a solid foundation for the direct study of the role of topological charge fluctuations in
the physics of QCD vacuum. Using these tools it was recently demonstrated that: (a) there is a well-defined space-
time structure (order) in topological charge density (defined through overlap fermions) for typical configurations
contributing to QCD path integral; (b) this fundamental structure is low-dimensional, exhibiting sign-coherent
behavior on subsets of dimension less than four and not less than one; (c) the structure has a long-range global
character (spreading over maximal space-time distances) and is built around the locally one-dimensional network
of strong fields (skeleton). In this talk we elaborate on certain aspects and implications of these results.
The aim of this talk is to emphasize three
messages (given in the abstract) from Ref. [1].
To appreciate the relevance of these messages,
it is useful to recall that while the topology of
gauge fields is presumed to be associated with
interesting non-perturbative physics in QCD, the
progress in making a detailed connection has been
quite slow. One possible path toward the break-
through uses the lattice, where one has direct ac-
cess to typical configurations contributing to the
regularized QCD path integral. In principle then,
one could study the space-time structure of topo-
logical charge density for typical configurations,
and identify the characteristics of this structure
that have direct bearing on the physical phenom-
ena in question. However, there used to be several
difficult obstacles as well as questions of principle
preventing the realization of such a direct pro-
gram.
(i) Thinking in terms of topology implies the
availability of quantities that are stable under
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continuous deformations. The simplest topologi-
cal field in the continuum is the topological charge
density (TChD), whose associated global charge
is stable under the local changes of the gauge field
(δQ/δAµ(x) = 0) for sufficiently smooth fields.
The basic problem on the lattice is that it is non-
trivial to define a local topological field. In partic-
ular, naive discretizations of FF˜ (x) are not stable
at all (see however Ref. [2]).
(ii) Even if a lattice topological field, stable
over some class of lattice gauge fields is available,
there still might be a deep problem. The point is
that we are interested in the quantum theory de-
fined by the path integral. To study the relevance
topology in this setting, one should thus ensure
that topological stability is guaranteed for typical
configurations (not necessarily smooth) from the
quantum QCD ensemble.
(iii) Even with points (i) and (ii) fulfilled, we
might not gain much since it is possible that there
is no well-defined space-time structure in TChD.
Indeed, the mere existence of the structure at the
configuration level is a subject of debate. While
2the action favours infrared fluctuations, there are
many more possibilities for ultraviolet ones. In
fact, for the commonly used lattice gauge actions
there is an extensive experience indicating that
when naive TChD operators are used, the ultra-
violet noise dominates, and there is no detectable
space-time order at all. However, without the
order, we can not learn anything about the vac-
uum, and the approach outlined above would fail.
This is the problem of ultraviolet dominance or
the “entropy” problem.
The point (i) is elegantly resolved by using
the TChD associated with GW fermions (see
also Ref. [2]). Indeed, for lattice Dirac opera-
tor satisfying γ5Dγ5 = D
† and {D, γ5} = Dγ5D,
the pseudoscalar operator qx = −tr γ5 (1 −
1
2
Dx,x) represents a well-defined local topologi-
cal charge density [3,4], whose integral is stable
under generic local changes of the gauge field [5].
Morover, this qx is generically stable for all back-
grounds for whichD itself is well-defined! The ac-
cumulated experience with the overlap Dirac op-
erator [6] (used here) indicates that this includes
typical configurations from currently used QCD
ensembles, thus fulfilling (ii).
Conceptually the most important result of
Ref. [1] is that the point (iii) is also fulfilled if
qx associated with overlap fermions is used, i.e.
the conclusion (a) of the abstract holds and the
problem of ultraviolet dominance is solved. We
emphasize that this is a qualitatively new result
since, contrary to previous studies of structure
which always involved some particular process-
ing of gauge configurations, our approach is com-
pletely unbiased and gauge invariant: we just use
the appropriate local operator to measure TChD.
Also note that the structure uncovered this way is
the fundamental structure in the sense that (while
suppressing ultraviolet noise) it includes the fluc-
tuations at all scales up to the lattice cutoff. It
can thus have manifestations reflecting both short
and long-distance physics.
An important clue in finding this structure is
the old observation [7], that in the continuum
〈q(x)q(0)〉 ≤ 0, |x| > 0. As pointed out in
Ref. [8], this suggests that the fundamental struc-
ture cannot involve topological charge concen-
trated mainly in sign-coherent 4-d lumps. (The
results of [1] not only demonstrate this but also
suggest that in QCD the 4-d sign-coherent struc-
ture does not occur at all.) Given that, the start-
ing idea of Ref. [1] is that the ordered struc-
ture could manifest itself by the enhanced sign-
coherence present on low-dimensional subsets of
4-d Euclidean space. Indeed, the negativity of the
correlator could then be satisfied in an ordered
manner by embedding structures with alternat-
ing sign in 4-d space. The existence of such order
has in turn been demonstrated [1].
Using sign-coherence as a basic guide, it was
found that about 80% of space-time is covered by
two connected folded “sheets” (of opposite sign)
built from 3-d elementary coherent cubes. The
sheets thus essentially fill the space-time. To get
the sense of how this looks, we plot above qx
on a (generic) 2-d plane of a 124 configuration
with Wilson gauge action (β = 5.91). The en-
hancement of the structure is obvious with linear
“ridges” running across the whole system. Also,
the low-dimensionality is nicely reflected in this
generic picture. Indeed, if Ω is the base man-
ifold and Ω1,Ω2 ⊂ Ω, then dim(Ω1 ∩ Ω2) =
dim(Ω1) + dim(Ω2) − dim(Ω) generically. Iden-
tifying Ω with the 4-d space-time torus, Ω1 with
the 2-d torus of the section plane, and Ω2 with
the manifold of the structure, we get
dim(Ω1 ∩Ω2) = dim(Ω2) − 2 (1)
Consequently, if Ω2 is a 3-d hypersurface, we
should generically see extended 1-d regions of
3sign-coherence. This is indeed what is observed.
Thus, at the lattice cutoff of about 2 GeV the
sheets behave as 3-d hypersurfaces. While the
precise local dimension of the maximal sign-
coherent regions in the continuum limit remains
unknown, the available data allow us to conclude
part (b) of the abstract [1].
Apart from low-dimensional nature, the strik-
ing property of the TChD structure is its long-
range and global character. Indeed, the sheet ap-
pears to behave as one whole and due to connect-
edness and the space-filling feature, one can reach
maximal possible distances on the paths within
the same sheet. Moreover, this remains true even
if one considers only regions occupied by strong
fields. In particular, there is a well-defined min-
imal fraction of space-time (≈ 18 %) containing
the most intense TChD while still exhibiting this
super-long-distance (SLD) property [1]. We refer
to the substructure defined this way as a skeleton
since the rest of the sign-coherent sheet is built
around it. An intriguing property of the skeleton
is that it is locally 1-dimensional [1], and thus can
be viewed as a network of world-lines for point-
like objects.
The above properties of the fundamental struc-
ture suggest the following two propositions de-
serving further examination: (A) The propaga-
tion of light quarks and pions is facilitated by the
long-range (SLD) skeleton. One should thus try
to relate the microscopic understanding of spon-
taneous chiral symmetry breaking (SChSB) to the
properties of this locally 1-dimensional structure.
An interesting clue in making this connection is
the fact that the motion of quarks restricted to
1-dimensional manifold naturally leads to non-
zero density of eigenmodes near zero, and hence
SChSB (see e.g. some related discussion [10]).
(B) Global topological stability in quantum QCD
configurations cannot be understood in terms of
stability of its subsets, i.e. the global charge will
not result as a sum of contributions from well-
defined separate pieces. The global stability can
only be understood if one considers the structure
(or its SLD subset such as skeleton) as a whole.
This can be considered a generalization of the re-
sult demonstrated in Refs. [8,9], i.e. that topolog-
ical charge does not appear in quantized lumps of
unit topological charge (even at low energy).
Finally, we comment on the mechanism leading
to the resolution of the entropy problem (iii). The
new element brought in by the imposition of chi-
ral symmetry is that the GW operators are non-
ultralocal, i.e. there is nonzero coupling among
variables at arbitrarily large space-time distances.
This has been proved for fermionic degrees of
freedom [11], but it is expected to hold also in
terms of gauge variables. The implied presence
of arbitrarily extended loops (albeit with small
coupling) in the definition of qx leads to taming
of ultraviolet noise at the scale of the cutoff to
a certain degree (“chiral smoothing” [9]). More-
over, the availability of these loops can help to un-
cover the long-range coherence (masked by ultra-
violet noise) on extended low-dimensional mani-
folds since the loops contained inside these mani-
folds will contribute coherently. The results of [1]
imply that such coherence exists, and is indeed
exposed by chiral smoothing.
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